The experimental Raman spectra of graphene exhibit a few intense two-phonon bands, which are enhanced through double-resonant scattering processes. Though there are many theoretical papers on this topic, none of them predicts the spectra within a single model. Here, we present results for the two-phonon Raman spectra of graphene calculated by means of the quantum perturbation theory. The electron and phonon dispersions, electronic lifetime, electron-photon and electronphonon matrix elements, are all obtained within a density-functional-theory-based non-orthogonal tight-binding model. We study systematically the overtone and combination two-phonon Raman bands, and, in particular, the energy and polarization dependence of their Raman shift and intensity. We find that the ratio of the integrated intensities for parallel and cross polarized light for all two-phonon bands is between 0.33 and 0.42. Our results are in good agreement with the available experimental data.
Here, the inner sum is the scattering amplitude. E u , u = i, a, b, c, f , are the energies of the initial (i), intermediate (a, b, c), and final (f ) states of the system of photons, electrons, holes, and phonons. In the initial state, only an incident photon is present and, therefore,
, where E L is the incident photon energy. In the final state, there is a scattered photon and two created phonons. M uv are the matrix elements for virtual processes between initial, intermediate, and final states. In particular, M ai and M f c are the matrix elements of momentum for the processes of creation and recombination of an electron-hole pair, respectively. M ba and M cb are the electron/hole-phonon matrix elements. γ is the sum of the halfwidths of pairs of electronic and hole states, and will be referred to as the electronic linewidth. The electron-photon and electron-phonon matrix elements, and the electronic linewidth are calculated explicitly. 23, 24 The Dirac delta function ensures energy conservation for the entire process. In the calculations, it is replaced by a Lorentzian with a halfwidth of 5 cm −1 . The summation over the intermediate states runs over all valence and conduction bands, and over all electron wavevectors k. The summation over the final states runs over all phonon branches and phonon wavevectors q. For both summations, convergence is reached with a 800 × 800 mesh of k and q points in the Brillouin zone.
For the discussion of the polarization dependence of the Raman intensity of the twophonon bands, it is advantageous to rewrite Eq. (1) in the form
Here, e L and e S are the polarization vectors of the incident and scattered laser light, respectively, and R is the Raman tensor. Everywhere below we consider only backscattering geometry in accord with the usual experimental Raman setup for graphene and, therefore, the polarization vectors lie in the graphene plane.
III. RESULTS AND DISCUSSION

A. Electronic linewidth
The electronic linewidth γ is due to a large extent to scattering of the electrons (holes) by phonons and other electrons (holes). The majority of the published reports assume that γ is energy-independent. Recently, it has been argued that in undoped graphene γ is dominated by electron-phonon processes and the expression γ = 9.44E + 3.40E 2 has been derived, where the energy separation between the valence and conduction bands E is in eV and γ is in meV. 17 Here, the electronic linewidth was calculated by summing up the contributions of all electron/hole-phonon scattering processes for all phonons in the Brillouin zone as a function of E. The obtained energy dependence was approximated in the range [1.0, 3.5] eV with the expression
For energies in this energy range, γ changes more than four times from 16 to 86 meV (Fig.   3 ).
B. Overtone bands
The calculated overtone Raman spectrum for E L = 2.0 eV and parallel light polarization along a zigzag line of carbon bonds is shown in Fig. 4 (bottom). It has two intense bands (2D and 2D ′ ) and three weaker ones (2D 3 , 2D 4 , and 2D ′′ ) and a much weaker one (2D 5 ).
There are also other bands of in-plane phonons close to the Γ and K points but they are either very weak, or are in the shoulders of intense bands, and in both cases are practically unobservable.
The assignment of the overtone spectrum can be performed by analyzing the contribution The integrated Raman intensity of the overtone bands ( Fig. 7 ) is quasi-linear in E L except for the 2D 3 band. The ratio of the integrated intensities A (2D) /A 2D ′ has been discussed a lot in the literature because it is related to the electron-phonon matrix elements at the K and Γ points. Here, we find that this ratio depends on the energy: it varies from 4.7 for E L = 1.0 eV to 15.0 for E L = 3.5 eV; for E L = 2.4 eV it is equal to 8.7. By contrast, recent sophisticated DFT-GW calculations 17 yield 21.5, which is several times larger than our value. The reason for this disagreement can be found in the use of GW corrected electron-phonon matrix elements for the LO phonon at the Γ point and the TO phonon at the K point. While the ratio of the squares of these matrix elements at the two points derived by DFT is M 3 ] ) by ∼ 25%. The origin of this underestimation is still unknown.
C. Combination bands
The combination Raman spectrum is calculated for E L = 2.0 eV and parallel light polarization along a zigzag line of carbon bonds (Fig. 8, bottom) . The spectrum is dominated by two intense bands: D + D ′′ and a higher frequency one, which originate from the branches 5 + 4 and 6 + 5, respectively. There are also four other less intense bands:
and D + D 5 .
As above, the assignment is facilitated by considering the contributions to these bands from pairs of phonons with ν, ν ′ = 2, 3, 4, 5, 6. It is seen in The intensity ratio for the 2D and 2D ′ overtone bands can be obtained using the simple tight-binding analytical formulas:
Γ,K /ω Γ,K are the linewidths due to the LO phonon at the Γ point and the TO phonon at the K point, M 2 Γ,K , and ω Γ,K are the corresponding square of the electron-phonon matrix element and the phonon frequency, respectively. The predicted ratio of the integrated intensity of the two bands is a constant, equal to 3 (or 7.9), evaluated with electronic linewidth from DFT (or DFT-GW). 27 The latter values are about 7 (or 2.7) times smaller than those of the precise derivations at E L = 2.4 eV, presented here and in Ref. [ 17 ] . The disagreement for the intensity ratio can be sought in the approximations used in the theoretical scheme of Ref.
[ 31 ].
E. Polarization dependence of the bands
Let us choose a coordinate system in the graphene plane with x axis along a zigzag line of carbon bonds (and therefore the y axis is along an armchair line of carbon bonds), and set e L = (cos α, sin α) and e S = (cos β, sin β). In the case of parallel and cross polarizations, the intensity is not angle-dependent because of the high-symmetry of graphene. On the contrary, for fixed polarization angle and variable analyzer angle, or vice versa, the intensity depends only on the difference α − β and does not depend on the sign of this difference.
Therefore, the Raman intensity, Eq. (2), can be written as
The intensity for parallel and cross polarized light, I || and I ⊥ , can be obtained by fitting this expression to the calculated angular dependence of the intensity. Expression, similar to Eq. (4), holds for the integrated intensity as well. 
